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Abstract 

In this paper, we investigate the reducibility property of semidirect products of the 
form V * D relatively to (pointlike) systems of equations of the form xi = ■ ■ ■ = x„, where 
D denotes the pseudovariety of definite semigroups. We establish a connection between 
pointlike reducibility of V * D and the pointlike reducibility of the pseudovariety V. In 
particular, for the canonical signature k consisting of the multiplication and the (w — 1)- 
power, we show that V * D is pointlike K-reducible when V is pointlike /t-reducible. 

Keywords. Semigroup, pseudovariety, semidirect product, implicit signature, pointlike, 
equations, reducibility. 

1 Introduction 

Since its introduction in the 1970’s by Eilenberg [13], the notion of a pseudovariety has played 
a key role in the classification of finite semigroups. Recall that a pseudovariety of semigroups 
(in general, of algebras of any Unitary type) is a class of finite semigroups (resp. of finite 
algebras of that type) which is closed under taking subsemigroups (resp. subalgebras), homo¬ 
morphic images and finite direct products. A pseudovariety is said to be decidable if there 
is an algorithm to test membership of a given finite semigroup in that pseudovariety. One 
of the main motivations to study decidability of pseudovarieties comes from its applications 
in computer science, where the characterization of some combinatorial events associated with 
rational languages, finite automata or various kinds of logical formalisms is reduced to such 
membership problem dSldSlIISlEH]. Due to the Krohn-Rhodes decomposition theorem [14| . 
the decidability of semidirect products of pseudovarieties has received particular attention. 
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The semidirect products of the form V * D, where D is the pseudovariety of all finite 
semigroups in which idempotents are right zeros, are among the most studied [201 EH El m. 
For a pseudovariety V of monoids, LV denotes the pseudovariety of all finite semigroups S 
whose local submonoids are in V (i.e., eSe € V for all idempotents e of S). It is well-known [13] 
that V * D is a subpseudovariety of LV. In addition, it is known from work by Straubing [20], 
Therien and Weiss [21] and Tilson [22] that the equality V * D = LV holds if and only if the 
pseudovariety V is local (in the sense of Tilson [22]). We have, for instance, the equalities 
SI * D = LSI and G * D = LG, where SI and G stand for the pseudovarieties of semilattices 
and groups respectively. In the 1970’s, Henckell and Rhodes introduced the notion of a V- 
pointlike set as a subset of a finite semigroup that is related to a point under every relational 
morphism with a member of the pseudovariety V. One says that V has decidable pointlikes 
if one can effectively compute all the V-pointlike sets of any given finite semigroup. The 
question of decidability of V-pointlike sets can be translated into a question of decidability of 
the pseudovariety V, since a finite semigroup S' is in V if and only if its V-pointlike subsets 
are singletons. The Delay Theorem of Tilson [22] establishes that a pseudovariety of the form 
V*D is decidable if and only if gV, the pseudovariety of categories generated by V, is decidable 
and that a semigroup of delay re is in V * D if and only if it is in V * D„. In m, Steinberg 
proves a Generalized Delay Theorem which generalizes the Delay Theorem of Tilson from a 
result about membership to a result about pointlikes. He shows that the V * D-pointlikes of 
a semigroup of delay re are precisely its V * D„-pointlikes and that if a pseudovariety V has 
decidable pointlikes then so does V * D. 

Since the semidirect product operator does not preserve decidability mm some authors 
have been exploring the idea of establishing stronger properties of the factors under which the 
semidirect product is necessarily decidable mm- At present no satisfactory such properties 
have been found. The key property which intervenes in a partially successful approach, has 
been formulated (and called reducibility) by Almeida and Steinberg [8] as an extension of sem¬ 
inal work by Ash [TO] on the pseudovariety G (where the key property was called inevitability). 
The reducibility property was originally formulated in terms of graph equation systems and 
latter extended by Almeida [2] under the designation of complete reducibility, and indepen¬ 
dently by Rhodes and Steinberg [18] under the designation of inevitable substitutions, to any 
system of equations, since different kinds of systems appear when different pseudovariety op¬ 
erators are considered. The reducibility property is parameterized by an implicit signature 
a (a set of implicit operations on semigroups containing the multiplication), and we talk of 
cj-reducibility. Informally speaking, a pseudovariety V is said to be a-reducible relatively to 
an equation system E with rational constraints when the existence of a solution of the system 
by implicit operations over V implies the existence of a solution of S given by cr-terms over V 
and satisfying the same constraints. The pseudovariety V is said to be pointlike a-reducible 
if it is (7-reducible relatively to every system of equations of the form xi = X2 = ■ ■ ■ = Xn, 
and it is called a-reducible if it is a-reducible with respect to every graph equation system. 
For pseudovarieties of aperiodic semigroups it is common to use the signature oj consisting of 
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the multiplication and the w-power. For instance, w-reducibility was already established for 
the pseudovarieties D [9], LSI |12] and R [6] of all finite 7^-trivial semigroups and pointlike 
w-reducibility was recently proved by the first author with Almeida and Zeitoun [7j for the 
pseudovarieties A of all finite aperiodic semigroups and DA of all finite semigroups in which 
all regular elements are idempotents. The w-reducibility of A and DA remain to be investi¬ 
gated, although it is natural to presume that the method in the proof of w-reducibility of R 
should apply to DA with minor adaptations. 

In this paper, we focus on semidirect products of the form V * D in order to analyze con¬ 
nections between their pointlike reducibility and the pointlike reducibility of the pseudovariety 
V. We show that pointlike reducibility of V can be converted into pointlike reducibility of the 
pseudovariety V*D. To be more precise, under mild hypotheses on an implicit signature a, we 
prove that if V is pointlike cr-reducible then V * D is pointlike cr-reducible. As an application, 
we deduce that V=f:D is pointlike ^-reducible when V is pointlike K-reducible, where k denotes 
the canonical signature consisting of the multiplication and the (w — l)-power. Our starting 
point is the paper [5] of the first and third authors in collaboration with Almeida, where a 
similar study was performed for semidirect products with an order-computable pseudovariety 
and various kinds of reducibility properties. For each positive integer k, the pseudovariety D^ 
defined by the identity yxi ■ ■ ■ Xk = xi ■ ■ ■ Xk is order-computable, and UDfc = D- We use 
results of [5] concerning the pseudovarieties D^ to derive our results relative to D and the 
pointlike reducibility property. The study of the reducibility (for graph equation systems) of 
the pseudovarieties V * D should be the natural sequence of our work, but this appears to be 
much more challenging. Our expectation is that it may be possible to combine the techniques 
of this paper with the solution already known [12j for the case of the pseudovariety SI * D, if 
not for the general case V * D at least for some specific cases. 

2 Preliminaries 

This section introduces briefly most essential preliminaries, and some terminology and nota¬ 
tion. We assume familiarity with basic results of the theory of semigroup pseudovarieties and 
implicit operations. For further details and general background see [DElttB]. 

Throughout this paper, A denotes a finite set. For a pseudovariety V of semigroups, a 
pro-'V semigroup is a compact semigroup which is residually in V. We denote by the 

pro-V semigroup freely generated by the set A: for each pro-V semigroup S and each function 
if : A ^ S, there is a unique continuous homomorphism Tp : HaV —)• S extending (p. The ele¬ 
ments of HaV, usually called pseudowords over V, are naturally interpreted as A-ary implieit 
operations on V (mappings —>■ S, with S' € V, that commute with homomorphisms). The 
subsemigroup generated by A is denoted by HaV. When OaV is finite and effectively com¬ 
putable, the pseudovariety V is said to be order-computable. If V' is another pseudovariety 
and V C V', then there is a unique continuous homomorphism pA,v',v : ^^aV' —>■ HaV, called 
the natural projection, mapping the generators of HaV' to the generators of HaV. When V' 
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is the pseudovariety S of all finite semigroups, we will usually abbreviate the notation of the 
homomorphism PA,V',v by writing simply pv A pseudoidentity is a formal equality tt = p 
with TT, p G We say that a pseudovariety V satisfies the pseudoidentity tt = p, and write 

V 1= vr = p, if (pvr = (pp for every continuous homomorphism (p : ffyiS —>• S into a semigroup 
5 G V, which is equivalent to saying that p^/^T = pvP- 

Given an element s of a compact topological semigroup, the closed subsemigroup generated 
by s contains a unique idempotent, denoted s‘^. For each G IM, the element (= s‘^s^) 
belongs to the maximal closed subgroup containing s^, and its group inverse is denoted by 
g(^-q. notices easily s^~'^ = {s'^)‘^~^ = For a given finite semigroup S, let 

k be an integer greater than |5| and let si,...,Sfc G S. Then there are integers i and j 
such that 1 < i < j < k and si • • • Sj_i = si • • • ... Sj)"* for every m G N, whence 

Si • • • Si_i = Si • • • Si_i(si... SjO^^+b 

The following is a list of pseudovarieties we will use in this paper, each of them defined by 
a single pseudoidentity and where fc G IM: 

K = lx‘^y = x‘^j, Kfc = |xi • • • Xfep = xi • • • Xkj, 

D = lyx‘^ = x^^j, Dfc = lyxi ■ ■ ■ Xk = xi ■ ■ ■ Xkj, 

LI = lx‘^yx‘^ = x'^\. 

For a positive integer k, let = {re G A~^ : |r(;| = k} be the set of words over A with 
length k and let A^ = A^V^■ ■ - VJA^ = {re G A'^ : |t(;| < k} be the set of non-empty words over A 
with length at most k. It is easy to observe that both and may be identified with 

A]^ and that the product is defined hy u-v = ifc(uu) in and hy u-v = ti^{uv) in 

where ikW and tkW denote respectively the longest prehx and the longest suffix of length at 
most A: of a given word w. So, and are order-computable pseudovarieties. We also 
have that K = |J^ K^, D = |J^ and LI is the join K V D (i.e., LI is the least pseudovariety 
containing both K and D). The following lemma summarizes well-known properties of these 
pseudovarieties. 

Lemma 2.1 Let V he one of the pseudovarieties K, D or LI. Then, is isomorphic to 

A'^ and \ is an ideal of consisting of the idempotent elements ofLljifisl. 

An implicit signature is a set of finitary implicit operations over finite semigroups contain¬ 
ing the multiplication. The implicit signature k = . _ , _ is known as the canonical 

signature. A highly computable signature is a recursively enumerable implicit signature con¬ 
sisting of computable operations. For an implicit signature a, let denote the free cr-algebra 
generated by A in the variety of cr-algebras defined by the identity x{yz) = {xy)z. The el¬ 
ements of will be called a-terms. A a-equation over A is a formal equality u = v with 
u,v e T^. 

Every profinite semigroup has a natural structure of a u-algebra, via the interpretation 
of implicit operations as continuous operations on profinite semigroups, and a pseudovariety 
of semigroups is also a pseudovariety of a-semigroups. For a pseudovariety V, we denote by 
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the free a-semigroup generated by A in the variety of cr-semigroups generated by V, 
which is a a-subsemigroup of Elements of are called a-words over V. 

Consider the unique “evaluation” homomorphism of cr-semigroups ^ • '^a that 

sends each letter a ^ A to itself. The a-word problem for V is the problem of deciding, for 
any two given cr-terms u and v over an alphabet A, whether they represent the same cr-word 
over V, that is, whether ^^v. If so, we write Y \= u = v. To simplify notation, we 

will usually not distinguish a cr-term w € from the corresponding cr-word G 

For convenience, we allow the empty cr-term which is identified with the empty word. 

For each pseudoword vr G flyiS, we denote by i^Tr and t^vr the shortest words (in Ak) such 
that Kfc \= TT = ifcvr and Dfc |= tt = t^vr respectively. We define also ±kW and tkW for a cr-term 
w gT^, via the identification of w with the corresponding cr-word G 

Let S be a finite set of equations over a finite alphabet X. Let jS be a finite y4-generated 
semigroup, 6 : flyiS —>■ 5 be the continuous homomorphism respecting the choice of generators 
and : X —)■ 5^ be an evaluation mapping. We say that a mapping r/ : X —)■ is a V- 

solution of S with respect to ((/?, 6) it 6r] = (p and V \=riu = fjv for all {u = v) G S. Moreover, 
given an implicit signature a, if g is such that rjX C then g is called a {Y, a)-solution. 

The pseudovariety V is said to be a-reducible relatively to an equation system S if the 
existence of a V-solution of S with respect to a pair ((/?, 5) entails the existence of a (V, cr)- 
solution of S with respect to the same pair (p, (5). The pseudovariety V is said to be cr-reducible 
relatively to a class C of finite systems of equations if it is cr-reducible relatively to every system 
of equations S G C. We say that V is pointlike a-reducible, if it is cr-reducible relatively to the 
class of all systems of equations of the form xi = X 2 = ■ ■ ■ = Xm, with m > 2. 

3 Pseudoidentities over V * 

For an integer k > 1, let be the function that sends each word w G A'^ to 

the sequence of factors of length A: -|- 1 of cc, in the order they occur in w. There is a unique 
continuous extension flyiS -A- of <I>fc (see [3] and PQ Lemma 10.6.11]), also denoted 

by which is a ^-superposition homomorphism in the sense that 

i) = 1 holds for every w G Ak; 

ii) $fc(7rp) = $fc(7r)$fc((tfc7r)p) = ^k{'^{tkP))^k{p) hold for every 7r,pG 0^8. 

The following proposition m Theorem 10.6.12]) gives a characterization of the pseudoiden¬ 
tities verified by a pseudovariety of the form V * D^. 

Proposition 3.1 Let Y be a pseudovariety of semigroups which is not locally trivial. Given 
TT,p G LIaS, V * Dfc \= TT = p if and only if i^vr = IkP, = tkp and V \= = ^kP- 

Throughout the paper, V denotes a pseudovariety of semigroups such that V ^ LI. A 
consequence of Proposition 13.11 and of the fact that V*D = (j£V*D£, is that 

V*D ^ TT = p AA LIN TT = p and V \= $£7r = ^ep for every t>l. (3-1) 
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Denote by the set U {1} = {w A* : |7i;| < A:} of all words over A with length at 

most k and let = A\x A. Notice that x A and consider the action of 

on defined, for every w,w' G and a € A, hy 

'^{w',a) = {tk{ww'),a), 

which determines a continuous endomorphism that maps each letter 

{w',a) of Bk to the letter {^tk{ww'), a) . This defines a semidirect product 
and there is a continuous embedding l : Dyi(V *Dfc) —> * 0^0^ such that, for every 

a £ A, La = ((l,a),a) [U Theorem 10.2.3]. Composition of l with the projection pi on the 
hrst component gives a continuous mapping /3a ■ * D^) Dbj,V. That is to say that 

the following diagram commutes, where p 2 is the projection on the second component and 
P = PA,v*Dk,Dk i® natural projection: 





Pi 


■ V * DaDa, 


When V = S, the mapping /3a will be denoted by /3^. As S * = S, it is a continuous 

function —>■ Dbj.S. By [21 Lemma 3.1] the following equality holds 


PAi-^p) = Pat^ 


(3.2) 


for all x,p £ DaS. 

4 Implicit signatures 

Following a concept introduced in |5], for a given implicit signature cr, we define a (a, D^)- 
expressible signature as an implicit signature a' such that 

i) C for any alphabet A; 

ii) there is an algorithm that computes, from a given alphabet A and a given cjhterm z £ , 

a cj-term t £ such that S \= /3'j^z = t. 

Denote by the set of all (cr, Dfc)-expressible signatures and notice that this set is non-empty 
since it contains the trivial signature A signature a' £ is said to be fi-maximal if 

D^"S C for any signature a” £ and any alphabet A. We notice that, if a is highly 
computable, then E^ contains highly computable cr-maximal elements cr* and S C EE^S 
for every alphabet A |5l Propositions 4.1 and 4.10]. 

Throughout, a denotes a highly computable implicit signature and a* denotes a highly 
computable fi-maximal signature verifying the following conditions: 

(is.l) for every word u £ A'^, there is a computable u-term e^ £ Tg such that S ^ e^ = 
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{is.2) for each integer k > 1 and each (T*-term tc G , it is possible to compute a cr*-term 
such that S \= w = {±kw)Tw 

For each non-empty word u of length at most k, we fix a iT*-term e^ in the conditions above. 
Note that ik^u = and t^e^ = tku‘^ ■ 

Let u : —)• (hl^fc+iS)^ be the continuous homomorphism such that, for {w,a) € Bk, 

^{w, a) = 1 if tc G Ak-i and ^{w, a) = wa iiw € . Hence, for every word w = ai ■■■ an € A'^ 

with n > k, 

= V (/3^(ai • • • Ofc) • “1 ■■■“''/3^(afc+i • • • On)) 

= ^ (/3a(«i • • • Ofc)) ^ A(afc+i • • • On)) 

— ^((fjOl) (oi, 0.2) ■ ■ ■ (oi ■ ■ ■ fflfc—i, Ofc)) r' ((cii • • • Clfc, • • • {ttn—k ' ' ' On —1 j On)J 

— r'((oi ■ ■ ■ Ofc, (Zfc-i-i) • • • {Ofi—k ‘ ‘ ‘ On—1, an)J 
= ^kW. 


As /3^, and n are continuous functions, we conclude that = ‘hfc. That is, the following 
diagram commutes: 




P'a 

TiaS 



(n^fc+iS) 


1 


For w = ai - ■■ an G ^kW is a finite word with length n — k it n > k and it is the empty 


word otherwise. For w G \ A"*", by ()3.2h and condition {is.2) 


^kw = i^Paw = i^{f3A±kw)iv{^'^^ I3 aTw) = ^{^'^'^13'aTw)- 


Since a* is (a, Dfc)-expressible, it is possible to compute a a-term on the alphabet Bk that 
represents jd'j^Tn,. Now, a±^,n, and v restricted to Im are continuous homomorphisms that 
send letters to letters. So, it is possible to compute a cj-term on the alphabet A^"*"^ that 
represents . This proves the following lemma. 

Lemma 4.1 Given a a*-term w ^ , there is a computable a-term t G T^k+i such that 

S 1= ^kW = t. 

Let X be an alphabet and let S be a finite system of equations of the form x = x' with 
x,x' G X. Consider the mapping (3'^ : flxS —>■ ^x^xX^- Then 

= {Px'^ = Px'>^ : (u = u) G S} = {(l,^) = (l,a;') : {x = x') G S} 

is a set of equations over X^ x X of the same type of the equations of S and with the same 
cardinal. Note also that the content of the equations of S' is a subset of {(l,x) : x G X}. 
Consequently, if V is cr-reducible for S, condition {D^^,) of [5l Proposition 6.1] holds. In this 
context, we can identify S' with S and the following statement is an instance of the above 
mentioned proposition. 
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Proposition 4.2 For an alphabet X, let Tj be a finite system of equations of the form x = x' 
with x,x' G X. //V is a-reducible relatively to S, then V * is a*-reducible relatively to S. 


5 Transforming V * D/^-solutions into V * D-solutions 

The objective of this section is to build a function 6'^ that will be used to convert (V a*)- 
solutions of a pointlike system of equations into (V * D, crj-solutions of the same system. 

Let 5 be a finite T-generated semigroup and denote by 6 the extension of the corresponding 
generating mapping ^ S' to an onto continuous homomorphism —>■ S. Let A; be a 

natural number such that |S| < k. For each word oi • • • G A'^ of length k, we hx the 
minimum j G {2,... ,k} such that (5(ai • • • aj_i) = 5(ai • • • aj) for some i G {2,... ,j}, and 
notice that 5(ai • • • Oj-i) = (5(ai • • • ai_i(aj • • • We fix next the minimum such i, so 

that i and j are unique, well-determined and verify 


(5(ai • • • Oj) = (5(ai • • • aj{ai ■ ■ ■ 


(5.1) 


Consider now a hnite word ai - ■ ■ with n > k and note that it has r = n — k -\- 1 
factors of length k. For each £ G {l,...,r}, let Ui = Oi^ ■ ■ ■ Oj^ where ii and ji are the 
indices fixed above for the length k word ai - ■ ■ So 6{ai ■ ■ ■ ajfi) = 5{ai ■ ■ ■ Oj^uf) and 

£ < ii < ji- We claim that ji < ji+i- Indeed, suppose that < ji- By definition of 


and ji+i, (5(a£+i • • • — 5(o£+i 


Lf+i 


). Hence 6{ai ■ ■ ■ = 6{ai • 




This 


contradicts the minimality of ji and, so, the claim is true. Therefore, 

d{gi\ - - * Oyi) — d{^a\ - * * Oj-^u^ * * * ^^ 2^2 * * * aj^u^ 

— 5 ( 0.1 ' ' ' ' ' ' ^j2^U2^j2 + ^ ' ' ' + l ''' ^n)- 


(5.2) 


With the above notation, consider the functions 

Xk : A'^ —7> 

Ol • • • On t—7> 




oi 

Oi 


On 


and 


Qk ■■ 


(L!^S)i 
1 




if n < A: 
if n > A; 


if n < A: 
if n > A: 


+ 1 

Note that for every w G A'^, XkW = Xk^kW and QkW = QktkW. 


and 


Lemma 5.1 For each A: G INI, there exist unique continuous functions H/iS 
HaS —>■ (^( 48 )^ extending Xk and Qk, respectively, that will also be denoted by Xk and Qk- 


Proof. Recall that = A~^ is a dense subset of H^iS. Let {wm)m be a Cauchy sequence 
in A'^. Since H^Kfc(= Xt-A^k) is a finite semigroup and pK^, ■ —>■ flyiKfc is a continuous 
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homomorphism, there exists tuq G N such that = Pn.^Wmo for every m > ttiq. Hence, 

i-kWm = i-k'Wmo and XkWm = XkWmo for every m > mo- As a consequence, \k has a unique 
continuous extension —)■ Moreover, A^vr = Afei^Tr for every vr G That 

has a nnique continnons extension, defined by Q^Tr = for every vr G Hy^S, can be shown 

in a simiiar way using the pseudovariety D^. ■ 


Let ipk ■ (Hy^fc+iS)^ —)• (HyiS)^ be the unique continuous monoid homomorphism which 
extends the mapping 


y4fc+i ^ 

* * * ^fc+1 ' ^ * * * ^j2^U2 


and denote by 9k the function 9k = i^k^k ■ HyiS ^ (HyiS)^. This is a continuous k- 
superposition homomorphism since it is the composition of a continuous /c-superposition homo¬ 
morphism with a continuous homomorphism. Finally, we define a mapping 0^ : Hy^S —)• Hy 4 S 
by letting 

9'f.'K = (Afc7r)(0fc7r)(£>fcvr) 


for every tt G HyiS. 


Lemma 5.2 Let w G S. A representation of 9'j^w as a a-term may he computed from a 
given representation of w as a a*-term. 


Proof. By {is.2) and Lemma Fd.ll given a representation of rc as a cj*-term, one can calculate 
a cj-term on the alphabet which represents ^kW- As ifk is a continuous homomorphism 
that sends letters to cr-terms on A, it is then possible to compute a cr-term on A representing 
9kW. On the other hand, XkW and QkW are respectively represented by cj-terms of the form ue^ 
and euV with v € A* and u G A~^, and it is easy to verify that these cr-terms can be computed 


from (zs.l) given ikW and tkW. The result follows from the definition of 0^. 


An obvious consequence of the last lemma is that S) C H^S. Let us now prove that 

the mapping 9'p, preserves the value over the fixed finite semigroup S. 

Proposition 5.3 Let vr G HyiS. Then 69'f^TT = 6tt. 

Proof. Since 9'^ and 5 are continuous functions and A'^ is dense in Hy^S, it suffices to prove 
the result for vr = ui • • • G A"*". For n < k one has 9kTT = V'fcl = 1) while for n > k one has, 
with the notations of (|5.2I) . 

— ljjk{^a\ • • • 02 ' ' ' 0,k-\-2i • • • ) O-r—l ' ' ' On) 

— ’ ’ ’ ^j2^U2 * ®'H2^J2 + 1 * * * * • • • * * * * ^jr^Ur 

— + l + l ‘ ‘ * + l ‘ ‘ ‘ ^jr^Ur‘ 
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Thus, in case n < k, one deduces that = Afcvr • dkir ■ QkX = vr • 1 • 1 = vr and, so, = 6tt 
holds certainly in this case. For n > k, we have 


— Afc(ffll • • • Clfc) • 0fc7r • Qk{cLr—\ • • • fflri) 

— oi ■ ■ ■ ■ 0fcvr • eu^Oj^-f-i ■ ■ ■ On 

— Ol ■ ■ ■ ■ ■ ■ flj2 6tt2®j2 + l ' ' ' + l ' ' ' ^n 

and so, by (15.21) . the equality = dx holds also in this case. Therefore, the proposition is 
true. ■ 


Let us now show the following fundamental property of the function 0^. 

Proposition 5.4 Let vr, p G S be such that V * Dj, |= vr = p. Then V * D |= = O'kP- 

Proof. By Proposition 13.11 i^vr = i^p, t^vr = t^p and V |= <hfc7r = ^kP- Therefore, if 
either vr G Ak-\, p G A^-i or vr, p G A^, then vr and p are the same word and the result follows 
trivially. Thus, we may suppose that vr, p G S\74fc_i with at least one of vr and p not in A^. 
Hence, there exist words v,y G A* and u,x G A~^ such that A^vr = Afei^vr = Xk^kP = XkP = ue„ 
and QkX = QktkT^ = Qkt-kP = QkP = ^xV- Then, ^^vr = veu{OkTT)exy and 9'^p = veu{Okp)exy and 
to deduce V * D |= 0^vr = 6'^p it suffices to prove that V * D |= vr' = p' where 

vr' = e„( 6 (fcvr)ea; and p' = eui9kp)^x- 

That LI 1= vr' = p' holds is clear since S |= {e„ = u‘^,ex = x‘^}. Therefore, by (13.ip . to 
conclude the proof of the proposition it remains to show that 

> 1, V ^ 4>£vr' = 4 >£p'. (5.3) 

In order to prove (15.3p . consider the alphabet 

A = {{ui,v,U 2 ) G Ak X Al X Ak :3w G 9kW = eu^veu^} 

and let r/'fc : —)• be the continuous homomorphism extending the mapping 

j^k+i J 

ai ■ ■ ■ Ofc+l ('«!) Oji + l • • • CLj^,U2) 

with ipkio^i • • • «fc+i) = euiOji+i • • • Oj 2 ®m 2 - Now, for each > 1 , let —)• 

be the continuous homomorphism which extends the mapping 

A —>■ 1224^+1 S 

(tti,v;,ri 2 ) !-)■ ^i{eu^veu2i±£eu2))- 
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The mappings involved are shown in the following (non-commutative) diagram: 



The next statement holds. 


Claim 1 Let w G {"/Tj/o}. Then ^iw' = ■ 


Proof. The proof for w = p being symmetric, we prove the result only for w = tt. We 
consider first the case in which ir ^ A^. In this case vr = ifcvr = t^vr and = 1. 

Hence u = x and so, as S |= e^, = = e^^ea,, d>£ 7 r' = ^eieu^x) = 

Consider next tt € A'^ \ A^. Let r = | 7 r| — A: + 1 and notice that r > 2. Then, |$fc 7 r| = r — 1 
and OkTT is of the form O^tt = e^^uie^j ''' "^r-i^urj with Up G Aj^ and Vg G A\ for all p and q. 
Hence, 

= {ui,Vi,U2)iu2,V2,U3) ■ ■ ■ {Ur-1, Vr-l, Ur). 

On the other hand, tti = n and Ur = x, so that tt' = eui(0fevr)e„^ = Okir. Thus, since is an 
^-superposition homomorphism, 

d>£'^fcd>fc7r = $£(e„iUie„2(i£en2))d>£(e„2U2e„3(i^e„3)) • • • d>£(e„^_iUr-ie„^(i£e„J) 

— ^l{Tui'Vieu2'l^2 ■ ■ ' ^Ur—1^1 - l^Uri^i^Ur)') 

= ^eieuiVieu2V2 • ■ ■ eu,_iVr-ieu,)^i{{tieu,){±eeu,)) 

= ($£7r')$£((t£e„J(i£e„J), 
whence, as tt' is also equal to {OkTT)eur, 

^* * * ^Ur — l'^r — \^Ur^Ur^ 

= ^(.{eu^Vieu2V2 ■ ■ ■ ^Ur-lVr-l(iur)^i{{'^l^Ur)^Ur) 

= (d>£7r')^£((t£enJ(ife„J)(d>£e„J 
= ($£^fc^fc7r)(d>£e2;). 

This concludes the proof of the claim in case vr is a finite word. 

Suppose at last that vr G \ A'^ and let {wm)m be a sequence in ^4+ converging to 
TT. Hence, since : fl^S —)> Ak are continuous homomorphisms, we may assume that 

i-kWm = ifcTT, tf^Wm = a^d |rcm| > A: + 1 for every integer m > 1. Hence, and 
9kWm are, respectively, of the forms = e^yea, and O^Wm = ^ulm^x for some 7 , 7 m G O^iS. 
Hence vr' = eu{9k'^)^x = dk^^ and w'^ = Qu{9kWm)^x = 9kWm- The claim is now an immediate 
consequence of the previous case and of the continuity of the functions 4)^0^ and ■ 
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The validity of the proposition can now be easily achieved. Indeed, since V |= <i)fc7r = ^kP 
by hypothesis and is a continuous homomorphism, one deduces from Claim [1] that V \= 
$£7r' = ($^'0fc$fc7r)($^ea;) = (^eipk^kP){^eex) = ^ep'. Since i is arbitrary, this proves jO]) 
and concludes the proof of the proposition. ■ 


6 Pointlike reducibility of V * D 


We are now able to show that the reducibility of the pointlike problem for V implies the 
reducibility of the pointlike problem for V * D. Recall that cr is a fixed highly computable 


signature and a* is a highly computable u-maximal signature verifying (is.l) and {is.2) 


Theorem 6.1 Let X be an alphabet and T, be a finite set of equations of the form x = x' with 
x,x' G X. //V is a-reducible relatively to S, then V * D is a-reducible relatively to S. 


Proof. Let S' be a finite ^-generated semigroup, 6 : —>• S be the continuous homo¬ 

morphism that extends the generating mapping of S and : X —>■ S^ be a function. Suppose 
that rj : X ^ is a V * D -solution of S with respect to the pair ((p,d). Hence, for every 
integer /i;>l, asV*Dfcisa subpseudovariety of V * D, jy is also a V * D^-solution of S with 
respect to the same pair ((p,d). 

Let us assume that V is u-reducible relatively to S. Then, by Proposition 14.21 V * is 
(T*-reducible relatively to S for every A: > 1, whence there is a (V * D^, (7*)-solution of S 
with respect to the pair (</?,5). Fix an integer k > |S|. Hence, by Propositions 15.31 and 15.41 
and Lemma 15.21 6'j^Pk is a (V * D, (T)-solution of S with respect to the pair ■ 


Corollary 6.2 //V is pointlike a-reducible, then V * D is pointlike a-reducible. 


The canonical signature k is an example of a highly computable K-maximal signature [5] 


that verifies (is.l) and (is.2) Hence, the following is a particular case of Corollary 16.21 


Corollary 6.3 If V is pointlike K-reducible, then V * D is pointlike K-reducible. 


This result applies, for instance, to the pseudovarieties SI, G, J and R. 
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